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ǼǼȞȞįįİİȚȚțțĲĲȚȚțțȑȑȢȢ  ȁȁȪȪııİİȚȚȢȢ  șșİİȝȝȐȐĲĲȦȦȞȞ  ȝȝȚȚțțȡȡȫȫȞȞ  ĲĲȐȐȟȟİİȦȦȞȞ  
 

            ȆȆȇȇȅȅǺǺȁȁǾǾȂȂǹǹ    11  

      ǲıĲȦ ĲȡȓȖȦȞȠ  ȝİ . ǹȞ  ǻ İȓȞĮȚ ĲȠ ȝȑıȠȞ ĲȘȢ ʌȜİȣȡȐȢ ΑΒΓ ˆ 120ΒΑΓ = c ΒΓ , 

įȓȞİĲĮȚ ȩĲȚ Ș İȣșİȓĮ  İȓȞĮȚ țȐșİĲȘ ʌȡȠȢ ĲȘȞ ʌȜİȣȡȐ ΑΔ ΑΒ  țĮȚ ĲȑȝȞİȚ ĲȠȞ 
ʌİȡȚȖİȖȡĮȝȝȑȞȠ țȪțȜȠ ĲȠȣ ĲȡȚȖȫȞȠȣ ΑΒΓ  ıĲȠ ıȘȝİȓȠ Ε .  ȅȚ İȣșİȓİȢ  țĮȚ ΒΑ ΕΓ  

ĲȑȝȞȠȞĲĮȚ ıĲȠ . ȃĮ ĮʌȠįİȓȟİĲİ ȩĲȚ: Ζ
      (Į) ,         (ȕ)  . ΖΔ ⊥ ΒΕ ΖΔ = ΒΓ
 

      ȁȪıȘ 

      (Į) ǼʌİȚįȒ İȓȞĮȚ  Ș  BǼ İȓȞĮȚ įȚȐȝİĲȡȠȢ ĲȠȣ ʌİȡȚȖİȖȡĮȝȝȑȞȠȣ țȪțȜȠȣ 
ĲȠȣ ĲȡȚȖȫȞȠȣ ǹǺī. ǼʌȠȝȑȞȦȢ șĮ İȓȞĮȚ țĮȚ . ǲĲıȚ ıĲȠ ĲȡȓȖȦȞȠ ǽǺǼ  ĲĮ 

İȣșȪȖȡĮȝȝĮ ĲȝȒȝĮĲĮ Ǽǹ țĮȚ Ǻī İȓȞĮȚ ȪȥȘ ĲȠȣ ĲȡȚȖȫȞȠȣ ʌȠȣ ĲȑȝȞȠȞĲĮȚ ıĲȠ ıȘȝİȓȠ ǻ. 

ˆ 90ΒΑΕ = c

ˆ 90ΒΓΕ = c

      ǼʌȠȝȑȞȦȢ Ș İȣșİȓĮ ǽǻ İȓȞĮȚ Ș İȣșİȓĮ ĲȠȣ ĲȡȓĲȠȣ ȪȥȠȣȢ ĲȠȣ ĲȡȚȖȫȞȠȣ ǽǺǼ, įȘȜĮįȒ 

İȓȞĮȚ . ΖΔ ⊥ ΒΕ

 
 

ȈȤȒȝĮ 1 

      ǻȚĮĳȠȡİĲȚțȐ, șĮ ȝʌȠȡȠȪıĮȝİ ȞĮ ĮʌȠįİȓȟȠȣȝİ ȩĲȚ: .  ȆȡȐȖȝĮĲȚ, ȑȤȠȣȝİ ˆ 90ΖΒΗ = c

                                                ( )ˆ ˆˆ 180 HBZ+BZHΖΒΗ = −c                                     (1) 

      ǵȝȦȢ ȑȤȠȣȝİ  
             ˆˆ ˆ ˆ ˆ ˆ ˆHBZ EB īBA=EA īBA=120 90 īBA 30= Γ+ Γ+ − + = +Βc c c

.         (2) 



      ǼʌȓıȘȢ Įʌȩ ĲȠ İȖȖȡȐȥȚȝȠ ĲİĲȡȐʌȜİȣȡȠ ǹǻīǽ (ȖȚĮĲȓ ) ȑȤȠȣȝİ ȩĲȚ: ˆ ˆ 90ΑΔΖ = ΔΓΖ = c

                                                                                                  (3) ˆ ˆΒΖΗ = ΑΖΔ = Γ̂
      ȁȩȖȦ ĲȦȞ (2) țĮȚ (3) Ș ıȤȑıȘ (1) ȖȓȞİĲĮȚ: 

( ) ( ) ( )ˆ ˆ ˆ ˆˆ 180 30 +Ǻ+ī 150 Ǻ+ī 150 180 120 90ΖΒΗ = − = − = − − =c c c c c c c

c c

. 

      (ȕ) ȆĮȡĮĲȘȡȠȪȝİ ȩĲȚ ĲȠ ĲİĲȡȐʌȜİȣȡȠ ǹǻīǽ İȓȞĮȚ İȖȖȡȐȥȚȝȠ, ĮĳȠȪ  

. ǱȡĮ șĮ ȑȤȠȣȝİ . 

ˆ ˆΔΑΖ + ΔΓΖ =
90 90 180+ =c c ˆ ˆ ˆˆ 120 90 30ΔΖΓ = ΔΑΓ = ΒΑΓ−ΒΑΔ = − =c c

      ǼʌȠȝȑȞȦȢ ıĲȠ ȠȡșȠȖȫȞȚȠ ĲȡȓȖȦȞȠ ΔΓΖ  Ș ȣʌȠĲİȓȞȠȣıĮ ǽǻ șĮ İȓȞĮȚ įȚʌȜȐıȚĮ ĲȘȢ 
țȐșİĲȘȢ ʌȜİȣȡȐȢ ǻī, įȘȜĮįȒ  ĮĳȠȪ ǻ ȝȑıȠ ĲȘȢ ʌȜİȣȡȐȢ Ǻī. 2ΖΔ = ⋅ΔΓ = ΒΓ,

 

      ȆȇȅǺȁǾȂǹ 2 

      ĬİȦȡȠȪȝİ ĲȠ ıȪȞȠȜȠ ĲȦȞ ĲİĲȡĮȥȒĳȚȦȞ șİĲȚțȫȞ ĮțȑȡĮȚȦȞ ĮȡȚșȝȫȞ δγβα=x  

ĲȦȞ ȠʌȠȓȦȞ ȩȜĮ ĲĮ ȥȘĳȓĮ İȓȞĮȚ įȚĮĳȠȡİĲȚțȐ Įʌȩ ĲȠ ȝȘįȑȞ țĮȚ įȚĮĳȠȡİĲȚțȐ ȝİĲĮȟȪ 
ĲȠȣȢ. ĬİȦȡȠȪȝİ İʌȓıȘȢ ĲȠȣȢ ĮȡȚșȝȠȪȢ αβγδ=y  țĮȚ ȣʌȠșȑĲȠȣȝİ yx > . ǺȡİȓĲİ ĲȘ 

ȝİȖĮȜȪĲİȡȘ țĮȚ ĲȘ ȝȚțȡȩĲİȡȘ ĲȚȝȒ ĲȘȢ įȚĮĳȠȡȐȢ yx − , țĮșȫȢ țĮȚ ĲȠȣȢ ĮȞĲȓıĲȠȚȤȠȣȢ 
ĲİĲȡĮȥȒĳȚȠȣȢ ĮțȑȡĮȚȠȣȢ y,x ȖȚĮ ĲȚȢ ȠʌȠȓİȢ ȜĮȝȕȐȞȠȞĲĮȚ ĮȣĲȑȢ ȠȚ ĲȚȝȑȢ.  
 

      ȁȪıȘ 

      ĬİȦȡȠȪȝİ ĲȘ įİțĮįȚțȒ ĮȞĮʌĮȡȐıĲĮıȘ ĲȦȞ ĮȡȚșȝȫȞ : 
1000 100 10 1000 100 10x y α β γ δ δ γ β− = + + + − − − −α  

  1000( ) 100( ) 10( )α δ β γ γ β δ= − + − + − + α−  

999( ) 90( )α δ β= − + − γ  

( )9 111( ) 10( )α δ β γ= − + − . 

      ǹȡțİȓ ȞĮ ʌȡȠıįȚȠȡȓıȠȣȝİ ĲȘ ȝȑȖȚıĲȘ țĮȚ İȜȐȤȚıĲȘ ĲȚȝȒ ĲȘȢ ʌĮȡȐıĲĮıȘȢ: 
A 111( ) 10( )α δ β γ= − + − . 

      ȅȚ ĮȡȚșȝȠȓ δγβα ,,,  İȓȞĮȚ șİĲȚțȠȓ ȝȠȞȠȥȒĳȚȠȚ ĮțȑȡĮȚȠȚ (įȚĮĳȠȡİĲȚțȠȓ ȝİĲĮȟȪ 
ĲȠȣȢ). ǼĳȩıȠȞ yx > , șĮ ȚıȤȪİȚ δα > . 

      Ǿ ʌĮȡȐıĲĮıȘ Α  ȖȓȞİĲĮȚ ȝȑȖȚıĲȘ, ȩĲĮȞ ȠȚ ĮȡȚșȝȠȓ δα −  țĮȚ γβ −  ȖȓȞȠȣȞ ȝȑȖȚıĲȠȚ  
țĮȚ İʌȓ ʌȜȑȠȞ >−δα γβ − . Ǿ įȚĮĳȠȡȐ δα −  ȖȓȞİĲĮȚ ȝȑȖȚıĲȘ ȩĲĮȞ 9α =  țĮȚ 1δ = . 

Ǿ įȚĮĳȠȡȐ γβ −  ȖȓȞİĲĮȚ ȝȑȖȚıĲȘ ȩĲĮȞ 8β =  țĮȚ 2γ = . 

      ǱȡĮ  țĮȚ  İȓȞĮȚ ȠȚ ȗȘĲȠȪȝİȞȠȚ ĮțȑȡĮȚȠȚ ȠȚ ȠʌȠȓȠȚ įȘȝȚȠȣȡȖȠȪȞ ĲȘ 

ȝİȖĮȜȪĲİȡȘ įȚĮĳȠȡȐ . 

9821x = 1289y =
9821 1289 8532x y− = − =

      Ǿ ʌĮȡȐıĲĮıȘ  ȖȓȞİĲĮȚ İȜȐȤȚıĲȘ, ȩĲĮȞ ȠȚ ĮȡȚșȝȠȓ Α δα −  țĮȚ γβ −  ȖȓȞȠȣȞ 
İȜȐȤȚıĲȠȚ. 
      Ǿ İȜȐȤȚıĲȘ ĲȚȝȒ ĲȘȢ įȚĮĳȠȡȐȢ δα −  İȓȞĮȚ ĲȠ 1. ǱȡĮ ȠȚ įȣȞĮĲȑȢ ĲȚȝȑȢ ĲȠȣ ȗİȪȖȠȣȢ 

),( δα  İȓȞĮȚ: 
(9,8) , , (  țĮȚ (2 . (8,7) 7,6) (6,5) (5, 4) (4,3) (3, 2) ,1)

      īȚĮ ȩȜİȢ ĲȚȢ ʌĮȡĮʌȐȞȦ įȣȞĮĲȑȢ ĲȚȝȑȢ ĲȠȣ ȗİȪȖȠȣȢ ),( δα , Ș ĲȚȝȒ ĲȘȢ ʌĮȡȐıĲĮıȘȢ  
Α  ȖȓȞİĲĮȚ: 

A 111 10( )β γ= + − . 

      Ǿ İȜȐȤȚıĲȘ ĲȚȝȒ ĲȫȡĮ ĲȘȢ įȚĮĳȠȡȐȢ γβ −  İȓȞĮȚ ĲȠ 8−  ʌȠȣ įȘȝȚȠȣȡȖİȓĲĮȚ ȖȚĮ 

1β =  țĮȚ 9γ = . 



      ǹʌȠȡȡȓʌĲȠȞĲĮȢ ĲȑȜȠȢ ĲĮ ȗİȪȖȘ  țĮȚ  (įȚȩĲȚ ĲĮ ȥȘĳȓĮ ĲȠȣ ĲİĲȡĮȥȒĳȚȠȣ 
ĮȡȚșȝȠȪ İȓȞĮȚ įȚĮĳȠȡİĲȚțȐ ȝİĲĮȟȪ ĲȠȣȢ), țĮĲĮȜȒȖȠȣȝİ ıĲȠȞ ʌĮȡĮțȐĲȦ ʌȓȞĮțĮ 

įȣȞĮĲȫȞ ĲȚȝȫȞ ĲȦȞ ĮȡȚșȝȫȞ 

(9,8) (2,1)

y,x  țĮșȫȢ țĮȚ ĲȘȞ İȜȐȤȚıĲȘ įȚĮĳȠȡȐ. 

 

3192 2913 279

4193 3914 279

5194 4915 279

6195 5916 279

7196 6917 279

8197 7918 279

 

 

       ȆȇȅǺȁǾȂǹ 3 

      ǹȞ Ƞ ĮȡȚșȝȩȢ 3 1ν + , ȩʌȠȣ ν  ĮțȑȡĮȚȠȢ, İȓȞĮȚ ʌȠȜȜĮʌȜȐıȚȠ ĲȠȣ 7, ȞĮ ȕȡİȓĲİ ĲĮ 

įȣȞĮĲȐ ȣʌȩȜȠȚʌĮ ĲȘȢ įȚĮȓȡİıȘȢ: 
(Į)    ĲȠȣ ν  ȝİ ĲȠ 7, 

(ȕ)    ĲȠȣ mν  ȝİ ĲȠ 7, ȖȚĮ ĲȚȢ įȚȐĳȠȡİȢ ĲȚȝȑȢ ĲȠȣ șİĲȚțȠȪ ĮțȑȡĮȚȠȣ . , 1m m >
 

      ȁȪıȘ 

      (Į) ǲıĲȦ 3 1 7 ,ν κ+ =  ȩʌȠȣ ,ν κ  ĮțȑȡĮȚȠȚ. ȅ ĮțȑȡĮȚȠȢ ν  ȑȤİȚ ĲȘ ȝȠȡĳȒ 

7ν ρ υ= + , ȩʌȠȣ { }0,1,2,3,4,5,6υ∈  țĮȚ ρ  ĮțȑȡĮȚȠȢ. ȉȩĲİ ȑȤȠȣȝİ: 

( )3 7 1 7 21 3 1 7 3 1 ʌȠȜȜĮʌȜȐıȚȠ ĲȠȣ 7ρ υ κ ρ υ κ υ+ + = ⇔ + + = ⇔ + = , 

ȠʌȩĲİ Ș ȝȩȞȘ įȣȞĮĲȒ ĲȚȝȒ ȖȚĮ ĲȠ υ  İȓȞĮȚ ĲȠ 2. ǲĲıȚ ȑȤȠȣȝİ 7 2,ν ρ= +  ȩʌȠȣ ρ  

ĮțȑȡĮȚȠȢ, ȠʌȩĲİ ĲȠ ȝȠȞĮįȚțȩ įȣȞĮĲȩ ȣʌȩȜȠȚʌȠ ĲȘȢ įȚĮȓȡİıȘȢ ĲȠȣ ν  ȝİ ĲȠ 7 İȓȞĮȚ ĲȠ 2. 

      (ȕ)  ǲȤȠȣȝİ 

                          ( ) ( )
0

7 2 7 2 .7 2
m

m m im i

i

m

i
mν ρ ρ πο−

=

⎛ ⎞
= + = = +⎜ ⎟

⎝ ⎠
∑ λ

,

. 

      ǼʌȠȝȑȞȦȢ, Įȡțİȓ ȞĮ ȕȡȠȪȝİ ĲĮ įȣȞĮĲȐ ȣʌȩȜȠȚʌĮ ĲȘȢ įȚĮȓȡİıȘȢ ĲȠȣ  ȝİ ĲȠ 7. 2m

      ǹȞ ȣʌȠșȑıȠȣȝİ ȩĲȚ 3m σ υ= +  ȩʌȠȣ { }0,1,2υ∈ , ĲȩĲİ ȜĮȝȕȐȞȠȣȝİ: 

                ( ) ( )32 2 8 2 7 1 2 .7 1 2 .7 2m σ
,σ υ σ υ υ υ υπολ πολ+= = ⋅ = + ⋅ = + ⋅ = +  

ȩʌȠȣ { }0,1,2υ∈ . ǱȡĮ ĲĮ įȣȞĮĲȐ ȣʌȩȜȠȚʌĮ ĲȘȢ įȚĮȓȡİıȘȢ ĲȠȣ mν  ȝİ ĲȠ 7, ȖȚĮ ĲȚȢ 

įȚȐĳȠȡİȢ ĲȚȝȑȢ ĲȠȣ șİĲȚțȠȪ ĮțȑȡĮȚȠȣ  İȓȞĮȚ ĲĮ ,m m >1 .0 1 22 1, 2 2 țĮȚ 2 4= = =  

 

      ȆȇȅǺȁǾȂǹ 4 

      ǹȞ , ,x y z  İȓȞĮȚ șİĲȚțȠȓ ʌȡĮȖȝĮĲȚțȠȓ ĮȡȚșȝȠȓ ȝİ ȐșȡȠȚıȝĮ 12, ȞĮ ĮʌȠįİȓȟİĲİ ȩĲȚ: 

3
x y z

x y z
y z x
+ + + ≥ + + . 

      ȆȩĲİ ȚıȤȪİȚ Ș ȚıȩĲȘĲĮ; 

 

      ȁȪıȘ  

      ǼʌİȚįȒ ȠȚ șİĲȚțȠȓ ʌȡĮȖȝĮĲȚțȠȓ ĮȡȚșȝȠȓ , ,x y z  ȑȤȠȣȞ  ȐșȡȠȚıȝĮ 12, Įȡțİȓ ȞĮ 

ĮʌȠįİȓȟȠȣȝİ ĲȘȞ ĮȞȚıȩĲȘĲĮ 

                                    
4

x y z x y z
x y

y z x
z

+ +
+ + + ≥ + + .                               (1) 



      ǼʌİȚįȒ ȠȚ ʌȡĮȖȝĮĲȚțȠȓ ĮȡȚșȝȠȓ , ,x y z  İȓȞĮȚ șİĲȚțȠȓ, Įʌȩ ĲȘȞ ĮȞȚıȩĲȘĲĮ ĮȡȚșȝȘĲȚțȠȪ 
– ȖİȦȝİĲȡȚțȠȪ ȝȑıȠȣ ȑȤȠȣȝİ 

                                                 2
4 4

x y x y
x

y y
+ ≥ ⋅ = ,                                         (2) 

                                                 2
4 4

y z y z
y

z z
+ ≥ ⋅ = ,                                         (3) 

                                                 2
4 4

z x z x
z

x x
+ ≥ ⋅ =  .                                         (4) 

      Ȃİ ʌȡȩıșİıȘ țĮĲȐ ȝȑȜȘ ĲȦȞ (2), (3) țĮȚ (4) ʌȡȠțȪʌĲİȚ Ș ĮȞȚıȩĲȘĲĮ (1). 

      Ǿ ȚıȩĲȘĲĮ ȚıȤȪİȚ, ȩĲĮȞ ȠȚ ĮȞȚıȩĲȘĲİȢ (2), (3) țĮȚ (4) ĮȜȘșİȪȠȣȞ țĮȚ ȠȚ ĲȡİȚȢ ȦȢ 
ȚıȩĲȘĲİȢ., įȘȜĮįȒ ȩĲĮȞ 

  

2
2 2 2 2 2 2

3

4
2 2 2

3

2 2
8

7

2 2
7 7

1
, , , , , ,

4 4 4 4 4 4 4 4 4 4

1
, ,

4 4 4 4

1
, ,

4 4 4

, , 4 4.
4 4

4

4

x y y z z x y z x y z y y
x y z x y z

y z x

y z z
x y z

y z
x y z z

y z
x y z x y z

⎛ ⎞
= = = ⇔ = = = ⇔ = = = =⎜ ⎟

⎝ ⎠

⎛ ⎞
⇔ = = = ⎜ ⎟

⎝ ⎠

⇔ = = =

⇔ = = = ⇔ = = =
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3 2 2 42 3x y y x x y 6 . 

       

                  

 
22 2 26 0, , ,

6 6 0, , ,

6, , , 6, , .

6, , , (1) 6, , . (2)

x y x y x y

xy x y xy x y x y

xy x y x y xy x y x y

xy x y x y xy y x x y

 

          (1)  (2)  ,  0 0,x y     (1),   

     (2)  . ,    

   (1).  

0 0,y x

,x y ,   (1)    : 

1 2

3 4

5 6

7 8

6, 1 6, 1

3, 2 3, 2

1, 6 1, 6

2, 3 2, 3 .

xy x y xy x y

xy x y xy x y

xy x y xy x y

xy x y xy x y

 

        8    1 3, , 8     : 

, 3, 2 , , 2, 3 , , 3,1 ,

, 1, 3 , , 2,1 , 1,

x y x y x y

x y x y x y 2 .
. 

          ,   (2)      

, 2,3 , , 3, 2 , , 1,3 ,

, 3, 1 , , 1, 2 , 2,

x y x y x y

x y x y x y 1 .
. 

 

                22  

         Oxy     , , …, 

      

1A (40,1) 2A (40,2)

40A (40,40) 1 2OA ,OA , ,OA40 .    

  Oxy     “ ”,      

      (       

  )    i  1, 2,3, , 40i . ,    

  1 2OA ,OA , ,OA40 ,    “ ”,    

 “ ” .      “ ”    

  “ ”  . 

 



      . 

         ,    MK ( , )k l ,    

    . l,k

 

 
 1 
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,      .      

 .   TM      . 

TMN TMA AMN ABCN

BC



            Z      ,    

  

O

CBCA   . 


	ΣΑΒΒΑΤΟ, 26 ΦΕΒΡΟΥΑΡΙΟΥ 2011
	Ενδεικτικές Λύσεις θεμάτων μικρών τάξεων

